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Abstract
We analyze the geometric engineering of the N = 2 SU(2) gauge theories with 1 
Nf  3 massive hypermultiplets in the vector representation. The set of partial differential
equations satisfied by the periods of the Seiberg-Witten differential is obtained from the
Picard-Fuchs equations of the local B-model. The differential equations and its solutions
are consistent with the massless case. We show that the Yukawa coupling of the local
A-model gives rise to the correct instanton expansion in the gauge theory, and propose
the pattern of the distribution of the world-sheet instanton number from it. As a side
result, we obtain the asymptotic form of the instanton number in the gauge theories with
massless hypermultiplets.
Geometric engineering [1] is the technique for extracting the moduli of the Coulomb phase of
the N = 2 gauge theories from the moduli of the mirror symmetry model. The mirror symmetry
is the duality between the Ka¨hler moduli of the Calabi-Yau threefold (A-model) and the complex
moduli of the family of another Calabi-Yau threefolds (B-model). The known examples of
mirror pairs are associated with the Calabi-Yau hypersurfaces and complete intersections in the
toric varieties [2, 3, 4]. The Coulomb moduli of the N = 2 gauge theory is represented as the
periods of the meromorphic one-form (Seiberg-Witten dierential) of the family of hypersurfaces
(Seiberg-Witten curves) [5]. The geometric engineering realizes the Coulomb moduli of the
N = 2 gauge theory at the singularity (called gauge theory limit in this paper) of the moduli of
the mirror symmetry model. This technology in principle should enable us to give the systematic
derivation of exact results in arbitrary N = 2 gauge theories, for example see [6, 7, 8]. However,
detailed analysis has been restricted to only one example in the N = 2 SU(2) pure Yang-Mills
theory [1].
In this article we will study the geometric engineering of the N = 2 SU(2) gauge theories
with 1  Nf  3 massive hypermultiplets in the vector representation (whose bare mass
parameters we denote by mi (i = 1; : : : ; Nf)). The geometric engineering sees the singularity of
the degenerate A-model Calabi-Yau manifold locally and uses the certain decompactication
limit of the A-model Calabi-Yau threefold. Such a situation is called local mirror symmetry and
studied in [9]. Because of its simplicity our analysis will mainly use the local mirror symmetry
framework. The local A-model manifold corresponding to the Nf = 0 gauge theory is the
canonical bundle 1 of the Hirzebruch surface F2. The gauge theory limit is the limit where the
ALE ber made of the P1 ber of F2 together with the noncompact direction in the canonical
bundle develops the A1 singularity. More precisely, if we specify the limit by  ! 0, the size
of the P1 ber shrinks as O() and the size of the base P1 of F2 grows as log . Cases of the
massive hypermultiplets are obtained by Nf point blow ups of F2 as discussed in [10]. Our
results are centered on following two aspects.
The one is to obtain the dierential equations satised by the periods (a; aD) of the Seiberg-
Witten dierential (a is the expectation value of the complex scalar in the N = 2 vector
multiplet and aD is the dierentiation of the prepotential Fgauge by a) 2. Taking the gauge
theory limit of the Picard-Fuchs operators of the local B-model, we obtained a set of partial
dierential operators for each Nf . We conrmed that these actually annihilate (a; aD). Then
we solved the dierential equations: the solutions are two functions g1(u; mi), g2(u; mi) which
are identied with (a; aD), and the bare mass parameters mi (1  i  Nf). The appearance
of the mass parameters is consistent with the fact that the Seiberg-Witten dierential has the
1The result is the same for the canonical bundle of F0,F1[1].
2The Picard-Fuchs equations in the massive cases have been studied by [11, 12, 13, 14].
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The other aspect is to nd out the pattern of the distribution of the world-sheet instanton
numbers 3 for the Calabi-Yau threefold of the local A-model. The case of Nf = 0 was analyzed in
[1], and generalization to the local A-models corresponding to Nf hypermultiplets (1  Nf  3)
is our motivation. It is governed by the singularity of the moduli space exactly into which the
moduli of the gauge theory is embedded. We remark that this situation is very similar to
the case of the quintic hypersurface in P4 [3]. There it was observed that the distribution of
the world-sheet instanton number of the rational curve with large degree is governed by the
conifold singularity. Let us explain our results briefly. We call certain local coordinates of the
Ka¨hler moduli as Ka¨hler parameters. At the gauge theory limit, the Ka¨hler parameter t1 of the
base P1 behaves as log . Here,  is the dynamical mass parameter. The Ka¨hler parameters
t2; : : : ; tNf +2 of the other two-cycles behave as s0 = −a; si = −mi (1  i  Nf). We found out
that if we denote the winding number of the curve associated to the Ka¨hler parameter t1, (resp.
si (0  j  Nf)) by n1 (resp. Nj), then the world-sheet instanton number dn1; ~N=(N0;:::;NNf )
behaves as




n1CNi; 0  8Ni  n1; (1)
asymptotically at the region N0  n1 for xed n1 ( 1). For the other values of Ni’s, dn1; ~N is
zero. Here γn1 is assumed to depend on n1. Moreover, it turned out that the ratio of γn1 and
d0; ~N=(2;0; ;0) is the same for all local A-model manifolds corresponding to the gauge theories
with 0  Nf  3 hypermultiplets, and directly related to the instanton numbers of the Nf = 0
gauge theory.
These results are obtained from the analysis of the Yukawa coupling (precisely, the compo-
nent @3s0Fmirror where Fmirror is the prepotential of the mirror model) 4. As a consequence of the
geometric engineering, it should be equal to the prepotential of the gauge theory dierentiated
three times by a and divided by , −1@3aFgauge, at the gauge theory limit. We also conrmed
that the equality holds by comparing the explicit expressions of both.
On the Coulomb branch of the N = 2 SU(2) gauge theories, the reduction of the number
of hypermultiplets brings the moduli of theory of Nf hypermultiplets to that of Nf − 1 hyper-
multiplets. This acts as a strong constraint on the instanton expansion of the gauge theories
with massive hypermultiplets, and thus on the Yukawa coupling of the local mirror models at
the gauge theory limit.
3The world-sheet instanton number d~n is the number obtained from the Gromov-Witten invariants of genus
0, 0-pointed curve by subtracting the contribution of the multiple covers [15].
4The calculation of the Yukawa coupling from the Picard-Fuchs operators on the B-model side is not incor-
porated into the local mirror symmetry framework at present. We calculated the Yukawa coupling using the
mirror symmetry for the compactified manifold of the canonical bundle.
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of the instanton number with large degree in the gauge theories when all mass parameters are
zero in the same way as [3].
This article is organized as follows. In section 2.1, we give a brief review on the Seiberg-
Witten theories with the SU(2) gauge group. Section 2.2 is devoted to the asymptotic form of
the instanton number with large degree. In section 3, we construct the local A- and B-models,
mirror maps, and compute the world-sheet instanton numbers following [9]. In section 4, we
give the identication of the moduli parameters between the local mirror model and the N = 2
SU(2) gauge theory, the set of partial dierential equations satised by periods (a; aD) which
is obtained from the Picard-Fuchs equations of the local B-model, and its solutions. We also
obtain the inverse series of the function a, and the behavior of the Ka¨hler parameters at the
gauge theory limit. In section 5, we calculate the Yukawa coupling using the mirror symmetry of
the compactication of the local A-model manifold (section 5.1) and show the equivalence of the
Yukawa coupling at the gauge theory limit and three time dierential of the prepotential of the
gauge theory by a (section 5.2). Then we propose the pattern of the distribution of the world-
sheet instanton number (section 5.3). Appendices contain: A: GKZ-hypergeometric dierential
system, B: table of Picard-Fuchs dierential operator for the periods (a; aD) (Nf = 0; 1; 2), C:
the Yukawa coupling at the gauge theory limit (Nf = 0; 1; 2; 3), D: table of the world-sheet
instanton numbers (Nf = 0; 1).
Notations and Conventions
(1) We will use a multi-index notation. For example, given vectors a = (a1;    ; am) and
b = (b1;    ; bm), we denote ab11 ab22   abmm by ab.
(2) When we write a series in several variables with summation just like
P
ni
, the summation is
assumed over non-negative integers ni such that the arguments in all the factorials are always
non-negative integers.
(3) For a variable x, x := x@x is a logarithmic derivative.
2 N = 2 SU(2) Gauge Theories
2.1 Seiberg-Witten Curves and Periods
The moduli space of the Coulomb branch of the N = 2 SU(2) gauge theory in four di-
mensions with 0  Nf  3 hypermultiplets is determined by the holomorphic function (pre-
potential) Fgauge(a) [5]. Here, a and aD := @Fgauge@a are periods of the meromorphic one-form
(Seiberg-Witten dierential ) on the elliptic curve (Seiberg-Witten curve) parameterized by
3
m1;    ; mNf .










where  is the 2 2 complex scalar eld and a is its vacuum expectation value. The Seiberg-
Witten curve and the Seiberg-Witten dierential are [16]










where 0 denotes the dierentiation with respect to x. The functions F (x); H(x), and the variable
x are shown in Table 1. Here,  is the dynamical mass parameter. Seiberg-Witten dierential
 is a meromorphic one-form determined so that @u / dxy . Then, a (resp. aD) is represented
as a period integral of  along the  (resp. ) cycle in the curve. For these periods and the
prepotential, we will study rst the massless case and then move to the massive case.
Nf F (x) H(x)
0 x2 − u 4
1 x2 − u 3(x + m1)
2 x2 − u + 2
8
2(x + m1)(x + m2)




(x + m1)(x + m2)(x + m3)
























Table 1: Left: F (x) and H(x) in the Seiberg-Witten curve y2 = F (x)2 − H(x) of the N = 2
SU(2) gauge theory with 0  Nf  3 hypermultiplets. Right: ; x; C in (5).
Massless case
First consider the case where all mass parameters are zero. We can tell the behavior of the





















by evaluating the period integrals. Meanwhile a and aD are solutions of the Picard-Fuchs
dierential equation [18] h
(x + )











xn+−. Comparing the solutions w1(x), w2(x) and a, aD in (4),

















Substituting the inverted series of a into aD and then integrating it by a, we obtain the
prepotential. It takes the form

















The instanton number Fn is shown in Table 2. Note that for Nf = 3, the power of  appeared

































































Table 2: Instanton numbers Fn with low degree (1  n  8): Nf = 0 (top left), 1 (bottom
left), 2 (top right) and 3 (bottom right).
Massive case
The extension of the Picard-Fuchs equation (5) to the massive case has been known [11,
12, 13, 14]. Such a dierential equation is an ordinary dierential equation with respect to u
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dierential operators with respect to (u; mi) that annihilate the periods (a; aD) through the
geometric engineering. The ordinary dierential operator with respect to u, which we could
obtain by eliminating the dierentiation with respect to the mass parameters mi, is consistent
with such a result and the massless Picard-Fuchs equation (5).
The modulus of the Nf and Nf − 1 theories are related by the following reduction of the
number of the hypermultiplets
mNf !1; mNf 4−Nf ! 4−(Nf−1): (7)
In the second relation,  in the left-hand side is that of the gauge theory with Nf hypermulti-
plets and the one in the right-hand side is that of the gauge theory with Nf−1 hypermultiplets.
This reduction imposes a very strong constraint on the form of u as a inverse series of a as well
as the form of the three time dierential of the prepotential by a, @3aFgauge.













polynomial of degree n in each mi
a
,
symmetric with respect to m1
a





where bn is a symmetric polynomial which has degree n when regarded as a polynomial in each
of mi
a
. This is clear for Nf = 0 because
u
a2
is a series in (
a
)4 as obtained in the massless case.
For Nf  1, this form is determined so that the instanton correction comes in the power of
4−Nf and the terms of 4−Nf descend to those of 5−Nf at the limit (7) in the reduction of



















polynomial of degree n in each mi
a
,
symmetric with respect to m1
a





Note that the terms 1
a
; 1
ami correspond to the one-loop correction terms while the higher
order terms in  correspond to the instanton correction. If we denote the coecient of
(m1
a
)n    (mNf
a
)n in Pn by Bn, it must be a number common to all the cases of Nf = 0; 1; 2; 3.
And it is written in terms of the instanton number Fn of the gauge theory without hypermul-












Fuchs equation (5), we can tell that @3aFgauge / (duda )3 1u2−4 (see (28) for derivation). Considering
that u
a2
is a series in (
a






. This is just the form of





)4n divided by that of 1
a
. Next consider the case
Nf  1. The one-loop correction has not only a2 log a but also (a mi)2 log (ami) because a
massless particle appears at a = mi other than a = 0 5. The ratio of the coecients of 1a
and 1
ami are determined as follows: if we assume the ratio to be 1 to r, the prepotential is
4i
2
(1+2r)a2 log a+    and comparing this with (6), r must be −1
8
. As the instanton correction
does not have poles at a = mi, it must be the form above by the consistency with the reduction
of the number of the hypermultiplets.
In section 4 and 5, we will see that u and @3aFgauge expanded to low order in  actually
satisfy the forms of (8), (9).
2.2 Asymptotic Form of the Instanton Number
We return to the massless case in this subsection. We could see from Table 2 that the
instanton number Fn decreases rapidly as n increases. We will see that such distribution of the
instanton number is governed by the singularity of the moduli space at x = 1. Our analysis is
the same as that of [3]. Since this topic is not directly related to the geometric engineering, the
reader may skip this subsection.







(1− x)x2+3 ; (11)
where C1 (resp. C2) is the coecient of w1(x) (resp. w2(x)) in a (resp. aD) divided by 
6.




1 + 2z log z +     around z = 0 where z := x−1
x
: Then, we can
see that (11) diverges at x = 1. Therefore the radius of convergence of the instanton expansion
(6) is j
a
j < j 
a(1)
j and the instanton number must satisfy limn!1 n
pFn = j a(1) j
1
α :
Now, we adopt the ansatz on the instanton number Fn similar to [3]:
(n− 2)(n− 1)(n)Fn  Bn(log n)
a(1)
n ; n  1; (12)
with four constants ; ; B and . The  is 1

= 4; 6; 4 for Nf = 0; 1; 2. For Nf = 3, the
instanton expansion is actually an expansion by (
a
)4 rather than (
a
)2, and we should redene
5This comes from the terms in the Lagrangian, mi eQiQi + eQiΦQi with the N = 1 chiral superfield Φ in the
N = 2 vector multiplet and two N = 1 chiral superfields Qi, eQi (1  i  Nf) in the N = 2 hypermultiplets.
6For derivation of (11), see (28).
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BΓ( + 1)(− log z)
(2)+1(z log z)+1
; z  0: (13)
In the process we have replaced the summation in n with the integration over n and changed











near z = 0. Comparing these two expressions, we could obtain  = 0,














=: rn; n  1: (14)
Note that rn declines as n becomes large because ja(1) j = jC
αj sin 

is smaller than one (0:900316,
(resp.0:656385; 0:31831; 0:0397887) for Nf = 0 (resp. 1; 2; 3)). The convergence would be very
slow because of the factor (log n)−2 in rn.
We plot the logarithm of the ratio, loge
Fn
rn
up to 2  n  32 (Figure 1). Clearly the data
is not enough to show the convergence to one, but we hope that the computation up to higher






















































































































. Nf = 0 (top left), 1 (bottom left), 2 (top right) and 3 (bottom right).
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In this section we will construct the local A- and B-model corresponding to the N = 2 SU(2)
gauge theory with 0  Nf  3 hypermultiplets following the prescription of [9]. Local A-model
consists of the complexied Ka¨hler moduli of the canonical bundle V of a two-dimensional
toric variety and the prepotential on it specied by the world-sheet instanton numbers. Local
B-model consists of the moduli of the family of curves in another two dimensional toric variety
and the periods of certain meromorphic one-form on it. They are related by the local mirror
symmetry. We denote a pair of local A and B-model corresponding to the N = 2 SU(2) gauge
theory with Nf hypermultiplets by Model Nf (Nf = 0; 1; 2; 3).
The local A- and B-models are both constructed from a set of integral points (toric data)




































































Figure 2: Sets of integral points for Model 0,1,2 and 3. The integral points except the origin
are 1-cones of the fan of the base toric variety of the local A-model. The toric variety in the
local B-model is a resolution of the singularity of the toric variety determined by the integral
polytope spanned by those points.
Model k (1;    ; k+3)
0 2 (1; 0); (0; 1); (−1; 0); (−2;−1); (0; 0)
1 3 (1; 0); (0; 1); (−1; 1); (−1; 0); (−1;−1); (0; 0)
2 4 (1; 0); (1; 1); (0; 1); (−1; 1); (−1; 0); (−1;−1); (0; 0)
3 5 (0; 1); (1; 1); (0; 1); (−1; 1); (−1; 0); (−1;−1); (0;−1); (0; 0)








2 Z3; A :=

~1;    ; ~k+3

: 3 (k + 3) matrix;
L :=
n
l 2 Zk+3 : A  l = ~0
o
;
l(1);    l(k) : basis of L:
(15)
Our choice of the basis l(i) is shown in Table 4.
Model l(i); (1  i  2 + Nf)
0
"
0 1 −2 1 0
1 0 1 0 −2
#
1
264 0 0 1 −2 1 00 1 −1 1 0 −1




0 0 0 1 −2 1 0
0 0 1 −1 1 0 −1
0 1 −2 1 0 0 0




0 0 0 1 −2 1 0 0
−1 0 1 −1 1 −1 1 0
0 1 −2 1 0 0 0 0
1 −1 1 0 0 0 0 −1
1 0 0 0 0 1 −1 −1
37777775
Table 4: The basis l(1);    ; l(k) (k = Nf + 2) for Model Nf . The i-th row of the matrix is l(i).
Local A-model
Consider the noncompact toric variety V associated with the fan which is a set of the
following cones:
3-cones: [~i; ~i+1; ~k+3] (1  i  k + 1); [~1; ~k+2; ~k+3];
2-cones: [~i; ~i+1] (1  i  k + 1); [~1; ~k+1]; [~i; ~k+3] (1  i  k + 2) ;
1-cones: ~i (1  i  k + 3); 0-cone: f0g:
(16)
Here [v1;    ; vj] means the cone spanned by vectors v1;    ; vj 2 Z3, i.e. the set of points in
R3 which are a linear combination of v1;    ; vj with nonnegative real coecients. The variety
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which consists of the cones [i; i+1] (1  i  k + 1); [1; k+2]; [i] (1  i  k + 2) and f0g 7.
Ka¨hler modulus of V is described as follows. The 1-cone corresponds to the divisor Di
(1  i  k + 3). The element in L can be regarded as a two-cycle 2 H2(V;Z) by identifying
its i-th component with the intersection number of the cycle with Di
8. If we denote by ti
the integration over the two-cycle corresponding to l(i) of the complexied Ka¨hler form in the
Ka¨hler cone  H2(V ;C) of V , (t1;    ; tk) furnishes its local coordinate system. We call ti
Ka¨hler parameter.




Ji  Jj  Jp6titjtp +
X
1ik






where d~n=(n1;:::;nk) is the world-sheet instanton number. Here, Ji 2 H2(V ;R) is the dual of l(i)





. c2 is the second Chern class
of V and c3 is the third Chern number of V
9. The sum in the last term is over (ni) such thatP
i nil
(i) is the homology class of a curve 10. The Yukawa coupling is the dierentiation of the
prepotential three times by the Ka¨hler parameters ti




n1t1++nktk1− en1t1+nktk : (18)
Local B-model
Local B-model is the moduli of the family of curves on the two-dimensional toric variety.
It is the resolution of the singularity of the toric variety determined by the polytope 2 Z2
which is the convex hull of 1;    ; k+2. The family of the curves is written as P (X1; X2) =
a1X
1 +   + ak+2Xk+2 + ak+3 = 0. The parameters a1;    ; a3+k can be reduced to z1;    ; zk
where zi = z
l(i) , by eliminating the freedom of the toric automorphism.




. They are the
solutions of the dierential equations associated to the GKZ-hypergeometric dierential system
7Pbase is the Hirzebruch surface F2 for Model 0 and its Nf point blow ups for Model Nf (1  Nf  3) in
consistency with [10].
8The basis l(1),    , l(k) correspond to the following basis of two-cycles in V : D3 \D5, D2 \D5 for Model 0,
D4 \D6, D3 \D6, D2 \D6 for Model 1, D5 \D7, D4 \D7, D3 \D7, D2 \D7 for Model 2 and D5 \D8, (D4 −
D7) \D8, D3 \D8, D2 \D8, D7 \D8 for Model 3.
9Ji  Jj  Jp (resp. c2  Ji) is the abbreviation for
R
V Ji ^ Jj ^ Jp (resp.
R
V c2 ^ Ji).
10For Model 0,1 and 2, the domain of the summation is 8ni  0. For model 3, the summation is over the
domain where n1, n3, n4, n5  0 and for given (n1, n3, n4, n5), over n2 that satisfies n2  n5 or n2  2n3 or
n2  n3, n4. This is because l(2) does not correspond to a curve.
11
divided into two parts. The one is the part made of the three dierential operators a1+  +a3+k
and
P3+k
i=1 iai . The other is the toric ideal part generated by i;li>0@
li
ai
− i;li<0@−liai for all
l 2 L. Table 5 shows the generators of the toric ideal 11. If we change the variables of the
Model l
0 l(1); l(2)
1 l(1); l(2); l(3); l(1) + l(2); l(2) + l(3)
2
l(1); l(2); l(3); l(4); l(1) + l(2); l(2) + l(3); l(3) + l(4);
l(2) + l(3) + l(4); l(1) + 2l(2) + l(3)
3
l(1)l(3); l(4); l(5); l(2) + l(5); l(3) + l(4); l(1) + l(2) + l(5);
l(2) + l(3) + l(5); l(2) + l(3) + l(4); l(2) + l(3) + l(4) + l(5);
l(1) + l(2) + l(3) + l(4); l(1) + 2l(2) + l(3) + 2l(5);
l(1) + 2l(2) + l(3) + l(5); l(1) + 2l(2) + l(3) + l(4) + l(5)




−i;li<0@−liai in the toric ideal.
dierential equations from a1;    ; a3+k to z1;    ; zk; a1; a2; a3+k, the rst part of HA() means




i zj on solutions. The
second part, the toric ideal, becomes the Picard-Fuchs equations. Its solutions are constructed



















where  = (1;    ; k) is a set of parameters. Then the solutions are
f(z;~0) = 1;
@if(z; )j=~0 = log zi +    ; (1  i  k); (20)X
1ijk
ci;j@i@j f(z; )j=~0 =
X
1ijk
ci;j log zi log zj +    : (21)
We call the solution (20) as single log solution, and (21) as double log solution 12. The coe-
cients (ci;j) are shown in Table 6.
11Note that the minimal number of the generators are larger than the number of l(i)’s except for Model 0.
To obtain the finite number of the generators, use the Algorithm 4.5 of [19]. See also Appendix A.
12We can obtain the coefficients of the double log solution by the formula in [9] or by directly substituting
the solution into the Picard-Fuchs equations. We just have k(k+1)2 −1 Picard-Fuchs equations while the number
of ∂ρi∂ρj (1  i  j  k) is k(k+1)2 .
12
0 (0; 1; 1)
1 (0; 2; 2; 2; 4; 1)
2 (0; 2; 2; 2; 2; 4; 4; 1; 2; 0)
3 (0; 4; 4; 4; 4; 4; 8; 8; 8; 3; 4; 8; 0; 8; 2)
Table 6: The coecients ci;j of the double log solution (21). They are arranged in the lexico-
graphic order (c1;1; c1;2;    ; c2;2    ; ck;k) where k = Nf + 2 for Model Nf .
The local mirror symmetry states that the single log solutions are the mirror maps to the
Ka¨hler modulus
ti = @if(z; )j=~0 = log zi +    ; (1  i  k): (22)
and the double log solution is the following dierentiation of the prepotential
f−2@t2 ; −(@t2 + @t3); −(@t2 + @t4); −(@t4 + @t5)g Fmirror; (23)
for Model 0, 1, 2 and 3. This allows us to obtain the world-sheet instanton numbers of the
canonical bundle V (see the table in Appendix D for Nf = 0, 1).
4 Geometric Engineering
To derive the Coulomb moduli of the N = 2 SU(2) gauge theories from the local mirror
models, we must take the gauge theory limit with  ! 0. This limit must satisfy the requirement
that the behavior of the Ka¨hler parameters of the local A-model are t1  log  and t2;    ; tk 
O() 13.
Such change of the moduli coordinates (z1; z2;    ; zk) of the local B-model into the param-
eters (; u; m1;    ; mNf ) for the gauge theory are shown in Table 7.
Schematically, the gauge theory limit  ! 0 brings about the following changes:
elliptic curve (B) ! Seiberg-Witten curve
meromorphic one-form (B) ! Seiberg-Witten dierential
Picard-Fuchs equations (B) ! set of dierential equations for (a; aD; mi)
prepotential Fmirror (A) ! prepotential Fgauge
Ka¨hler parameters t2;    ; tk (A) ! −a;−mi
13It turns out that the gauge theory limit  ! 0 corresponds to see the singularity of the moduli of the
local mirror model because the discriminant of the B-model curve vanishes there [1]. We can also find that the
discriminant of the Seiberg-Witten curve appears at the gauge theory limit in it as the leading coefficient.
13
0 (z1; z2) = (
444; 1− 2u4)
1 (z1; z2z3; z3) = (
334; 1− 2u4; 1 + m12)
2 (z1; z2z3z4; z3; z4) = (
224; (1− 2v)4; 1− n224; 1 + m; )
(v; m; n) = (u− 28; m1 + m22; m1 −m22)
3 (z1; z2z3z4z5; z3; z4; z5) = (4; 1− w24; 1− n224; 1 + m; 1 + p2)
(w; m; n; p) = (u + 264− (m1 + m2 + m3)8; m1 + m22− 8; m1 −m22; m3 − 8)
Table 7: The change of the moduli coordinates of the local B-model. The limit  ! 0 gives rise
to the Coulomb moduli of the N = 2 SU(2) gauge theory with Nf hypermultiplets.
where (A), (B) denotes objects in local A-, B-model 14.
To obtain the behavior of the Ka¨hler parameters t1;    ; tk at the gauge theory limit  ! 0,




n for a solution and substitute it into the Picard-Fuchs equations.
Then it is necessary that ( − 1)@uf0 = ( − 1)@mif0 = 0. Therefore f0(u; mi) must be a
constant or  = 1. For a solution of the latter type, we calculate a set of linear partial
dierential equations with respect to (u; mi) which f0(u; mi) must satisfy. The result is shown
in Table 8 as the form of the dierential operators Di that annihilate f0(u; mi). The number
of the dierential operators is one (resp. three, six and ten) for Model Nf = 0 (resp. 1; 2
and 3). Then we solve the the set of partial dierential equations and obtain 2 + Nf solutions
g1(u; mi) = gj=0, g2(u; mi) = @gj=0 and the mass parameters mi. We show the form of
g(u; mi; ) in Table 9. Thus we arrive at the following behavior of the solutions of the Picard-
Fuchs equations around  = 0
1; log ; g1(u; mi); g2(u; mi); mi; (i = 1;    ; Nf); (24)
where 1 and log  come from the solutions f(z; )j=~0 = 1 and t1 = @1f(z; )j=~0 = log 4z1(1+p1−4z1)2
of the local B-model.
We found the set of partial dierential operators Di for Model Nf which annihilate the
period integrals of the Seiberg-Witten curve of the gauge theory with Nf hypermultiplets
15.




= a nonsingular function; D0i is dened by D0i@u = @uDi: (25)
14Precisely, we confirmed the matching of the prepotential only at the level of the Yukawa coupling (40).
However, we expect that ∂2s0Fmirror = ∂2aFgauge holds at the gauge theory limit.
15The case of Model 0 has appeared in [1]
14
Nf dierential operators
0 D1 = (u − 12)2 − 4u2u(u − 1)
1 D1 = m(m − 1) + 2m23uu(2u + 4m − 1)
D2 = m(2u + m − 1) + 3m34u2u(u − 1)
D3 = (2u + m − 1)(2u + 4m − 1)− 938muum
2 D1 = (2v + m + n − 1)(2v + 2m + 2n − 1) + 22vv(2v + m + 2n − 2)
D2 = n(2v + n + m − 1)− n22v2v(v − 1)
D3 = m(m − 1)−m2n2n(2v + m + 2n − 2)
D4 = n(2v + m + 2n − 2) + 2n2vv(2v + 2m + 2n − 1)
D5 = mn + 2m2vvn + 2n2vvm
D6 = m(2v + m + n − 1) + 22vmv + m22v2v(v − 1)
3 D1 = 2@n@p + n@2w
D2 = @n(@m + @p) + 2(m@n + n@m)@w
D3 = @n(4w + 2p + 3n + 2m − 3)− n@2m
D4 = @m(@m + @p) + 2@w(4w + 2p + 3n + 3m − 2)
D5 = @p(@m + @p) + 2@w(2w + 2p + m + n − 1)
D6 = 4@p(m@n + n@m)− n@w(@p + @m)
D7 = @p(4w + 2p + 3n + 3m − 2)− @m(2w + 2p + n + m − 1)
D8 = @n(2w + 2p + n + m − 1)− (m@n + n@m)@p
D9 = 2(m@n + n@m)(2w + 2p + n + m − 1)− n@w(3w + 2p + 2m + 2n − 2)
D10 = 4(2w + 2p + n + m − 1)(4w + 2p + 3n + 3m − 2)
+ 2m@w(3w + 2p + 2n + 2m − 2) + (@p + @m)(3w + 2p + 2n + 2m − 3)
Table 8: Set of partial dierential operators. Those dierential operators Di annihilate the
lowest order part f0(u; mi) of the solution
P1
n=0 fn(u; mi)
n+1 for the Picard-Fuchs equations
of the local B-model. This is also the set of dierential operators annihilating the periods
(a; aD) of the Seiberg-Witten dierential  of the N = 2 SU(2) gauge theory.
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Table 9: g(u; m; ). g(u; mi; 0) and @g(u; mi; )j=0 and mi are solutions of the set of the
partial dierential equations in Table 8. For Nf = 3, pi = mi − 8 in the last line.
16
the comparison of the terms of the lowest order in  at the limit 8mi ! 0. Thus we obtained
the expression of a with generic values of the mass parameters





; −ig g1(u; mi); for Nf = 0; 1; 2; 3: (26)
We also derived the dierential operator that annihilates (a; aD), which takes the form
P (u; mi)@
3
u + Q(u; mi)@
2
u + R(u; mi)@u; (27)
from the partial dierential operators Di. See Table 14 for the expression P; Q; R in Appendix
B. The result is consistent with the known Picard-Fuchs operator in the massive case and the
massless Picard-Fuchs operator (5).


























du  (factor independent of u):
(28)














We can calculate e−
R
duP=Q and nd that it is actually the same as the Yukawa coupling Fuuu
which we will obtain in the next section.
For the use of next section, we invert the power series a(u) and write u in terms of a and
mi, see Table 10. The result is consistent with (8) in section 2.1.
Nf
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Table 10: u (or v = u− 
8





) as a function of a.
We also summarize the behavior of the Ka¨hler parameters at  ! 0 in Table 11. We
obtained this behavior by analytically continuating the Ka¨hler parameters making use of the
transformation formulas of the hypergeometric function [20].
16Adding the mass parameters to a, aD does not change the massless limit. But we ignore it and think of
a, aD as linear combinations of g1, g2.
17
0 log 444;−2a
1 log 334;−(m1 + a);−(−m1 + a)
2 log 224;−(m2 + a);−(m1 −m2);−(−m1 + a)
3 log 4;−(m2 + m3);−(m1 −m2);−(a−m1);−(a−m3)
Table 11: Behavior of the Ka¨hler parameters at the gauge theory limit  ! 0.
5 World-sheet Instanton Expansion
In this section, we study the Yukawa coupling of the local A-model at the gauge theory
limit and show that it coincides with three time dierential of the prepotential @3aFgauge of the
gauge theory. Then we propose the pattern of the distribution of the world-sheet instanton
numbers using a calculation similar to [3] and section 2.2. The rst section 5.1 is devoted to
a derivation of the Yukawa coupling. Since it requires a new setting, the reader may skip the
subsection.
5.1 Yukawa Coupling
In this subsection we explain how we perform the calculation of the Yukawa coupling. For
a mirror pair of compact Calabi-Yau hypersurfaces, we can obtain the Yukawa coupling on the
B-model side in exact form (not in perturbative fashion) if we have the Picard-Fuchs operators
that annihilate the periods [3, 4]. However, such method is not known in the framework of the
local mirror symmetry and we must construct the mirror pair of compact Calabi-Yau manifolds,
reversing the process that leads to the local mirror symmetry [9].
Given a dual pair of integral reflexive polytopes of four-dimensions, we can construct a
mirror pair of compact Calabi-Yau threefolds by Batyrev’s mirror construction [2, 15]. Each
Calabi-Yau manifold is a hypersurface in the four-dimensional toric variety determined by
each polytope. Then the dimension of the Ka¨hler moduli of the one Calabi-Yau hypersurface
((compact) A-model) is equal to the dimension of the complex moduli of the other ((compact)
B-model).
In our case, the Calabi-Yau manifold of the compact A-model must be the compactication
of the canonical bundle V of the local A-model. We make the polytope in Z4 which is the
convex hull of (0; 0;−1; 0); (0; 0; 0;−1) and (i; 2; 3) where i’s are those in Table 3 17. Then
the toric variety of the compact B-model is the resolution of the toric variety constructed from
17The choice is just the generalization of the case for the canonical bundle of P2 appeared in [9]. For Model
0, the compact A-model manifold is the Calabi-Yau hypersurface X24(12, 8, 2, 1, 1) in [4].
18
equation











4 + ak+4X3 + ak+5X4 = 0; (29)
where k = Nf+2, and (i)1; (i)2 denote the rst, the second components in the two-dimensional
vector i
18.
Next, consider the period integrals of the holomorphic three-form on the B-model hyper-
surface. The GKZ-dierential operators in the GKZ-system H ~A() with
~A =
0BBBBBB@
1 1 1 1 1 1 1
0 1 2    3+k 0 0
0 0 0
0 2 2    2 −1 0
0 3 3    3 0 −1
1CCCCCCA ;  = (−1; 0; 0; 0; 0); (30)
annihilate the periods on the compactied manifold of the B-model [4].
The basis of Ker ~A are written as follows:
~l(0) = (−6;
2+kz }| {
0;    ; 0; 1; 2; 3); ~l(i) = (0; l(i); 0; 0); (i = 1;    ; k); (31)
where l(i) (i = 1;    ; k) is the vector of the local model (15). The toric invariant complex moduli







and zi in the local B-model with identication
of the variables ai (i = 1; : : : ; k). The toric ideal has one more generator corresponding to ~l
(0).
The Picard-Fuchs equations obtained from the toric ideal are almost the same as the local case,
but dier in the two points: (1) a3+k of the compact model is a3+k of the local model plus z0 .









a3+kz0 − 12z0(6z0 + 1)(6z0 + 5)
i
: (32)
It is observed in [4] that the second factor actually annihilates the periods in Model 0. We
assume that this is also true for Model 1,2 and 3. Thus the Picard-Fuchs operators for the
compact model are those of the local model with a3+k replaced by a3+k + z0 in the following
way
18We did not include the monomials corresponding to the interior points (0, 0, 0, 1), (0, 0, 1, 2), (0, 0, 1, 1) of
the polytope because those points lie on the codimension one-faces. A point on codimension one-face of the
polytope corresponds to the automorphism of the (B-model) hypersurface and can be eliminated from the
defining equation of the (B-model) hypersurface.
19
Model k a3+k ! z0 + a3+k
0 2 −2z2 ! z0 − 2z2
1 3 −z2 − z3 ! z0 − z2 − z3
2 4 −z2 − z4 ! z0 − z2 − z4
3 5 −z4 − z5 ! z0 − z4 − z5
(33)
and
(z0 + a3+k)z0 − 12z0(6z0 + 1)(6z0 + 5): (34)









on the B-model Calabi-Yau hypersurface












where b and 
b (1  b  h2;1 + 1) are the symplectic basis of H3(X;Z), and b; b are the








We can determine the Yukawa coupling of the B-model from the Picard-Fuchs operators [4].
The explicit result of the Yukawa coupling is quite long, and is omitted here 19.
The A-model Yukawa coupling fFtitjtpg (0  i; j; p  k) is the transform of fFzizjzpg as a
contravariant tensor of rank three under the change of variables from (z0;    ; zk) to (t0;    ; tk).
Here, we rst make the change of variable from (z0;    ; zk) to (z0; e1;    ; ek) and then to
(t0;    ; tk), with (e1;    ; ek) := (; u; m1;    ; mNf ). Now, we may only consider Ftitjtp with
2  i; j; p  k because the other components are irrelevant to our analysis at the gauge theory
limit. Note that Ftitjtp is made of the four types of terms; Fz0z0z0 , Fz0z0ei′ , Fz0ei′ej′ ,Fei′ej′ep′ , each
multiplied by appropriate partial derivatives (1  i0; j0; p0  k). Then, at the limit z0 ! 0,
every term contributes as O((z0)0) and we can not neglect any term. However if we further
take the gauge theory limit  ! 0, the rst three types of terms become negligible. Thus, to
obtain the A-model Yukawa coupling Ftitjtp with 2  i; j; p  k at the gauge theory limit, we
have only to transform fFei′ej′ep′ jz0=0g (1  i0; j0; p0  k) as a contravariant tensor of rank three.
Moreover, the latter is the transform of fFzizjzpg (2  i; j; p  k).
19For Model 0, the result at z0 = 0 is Kz0z0z0 = 1, Kz0z0z1 =
1
4 , Kz0z0z2 =
1





8 , Kz0z2z2 =
1
4 , Kz1z1z1 =
z1z2(−1+4(1+4z1)z2)






−4+32z2+64(−1+4z1)z22 , Kz2z2z2 =
z2(1+2(−1+4z1)z2)





Now we look into the behavior of the Yukawa coupling at the gauge theory limit. We change
the Ka¨hler parameters from t2;    ; tk to s0;    ; sk−2 (see Table 11, 12) so that
s0 = −a +O(2); si = −mi +O(2); (1  i  Nf = k − 2); (37)









1 (n2 + n3; n2 − n3) ( t2+t32 ; t2−t32 )
2 (n2 + n4; n3 − n4; n2 − n3) ( t2+t3+t42 ; t3−t42 ; t2−t32 )
3 (n4 + n5; n3 − n4; n2 − n3; n2 − n5) ( t2+t3+t4+t52 ; t3−t42 ; t2−t32 ; t2−t52 )
Table 12: s0; s1;    ; sNf and N0; N1;    ; NNf .
Note that in the A-model expression, Fs0s0s0 is written as










1− en1t1+N0s0+PNfi=1 Nisi :
(38)
The exponent of e is equal to n1t1+  +nktk, and N0; N1;    ; NNf are coecients of s0;    ; sNf
in it and shown in Table 12.
On the other hand, from the B-model calculation, we arrived at the generic form of Fs0s0s0
at the gauge theory limit, which is the same as that of @3aFgauge, (9). Let us explain the point.
The B-model Yukawa coupling Fuuu; Fuumi ; Fumimj ; Fmimjmp can be calculated as explained in
previous subsection. To the lowest order in , Fuuu is O(2) and shown in Appendix C. We found
that it is the same as the Wronskian e−
R
duQ=P appeared in (28) up to a factor independent of






to the lowest order in  20. Therefore by comparison of (39) and (28), we obtain
@3s0Fmirror / @3aFgauge: (40)
Table 13 is the Yukawa coupling @3s0Fmirror to some low order in , obtained using the inversion
of a in Table 10. The result is consistent with (9).
20It is the same if we use v = u− Λ8 (resp. w = u + Λ
2









−8a + 1a + m1 + 1a−m1 +−33m1a5 + 156(3a2 − 14m1)128a9










































− 3 2(70m12m22m32+a4(m12+m22+m32)−15a2(m22m32+m12(m22+ m32)))
128a9
+   
i
Table 13: The Yukawa coupling @3s0Fmirror. This is equal to @3aFgauge if multiplied by .
5.3 Distribution of the World-sheet Instanton Number
Finally, we are ready to study the distribution of the world-sheet instanton number. We
will do it by imposing an ansatz and comparing the Yukawa coupling in A-model denition
(38) with the B-model expression at the limit  ! 0, (9) derived in the preceding subsection.
Before we adopt an ansatz, we point out the following properties of the A-model expression
(38) at the limit  ! 0. First, the triple intersection appearing in the A-model expression
can be neglected since the Yukawa coupling behaves as O(−1). Secondly, the contributions
of n1 = 0 and n1  1 are dierent in that we can neglect the factor of the multiple cover
contribution 1=(1 − ePi niti) when n1  1, but we can not when n1 = 0. Therefore n1 = 0
and n1  1 must be treated separately. The contributions of n1 = 0 and n1  1 give one-loop
and n1-instanton corrections from the viewpoint of the gauge theory. Thirdly, for n1  1, the
A-model expression (38) contains the power series in 4−Nf because of the factor en1t1(n1  1)
in the numerator. Thus we will compare the terms of (4−Nf )n1 in (38) and (9). We will also
use the table in Appendix D to read o and guess the behavior of the world-sheet instanton
numbers.
We rst review the analysis of Model 0 (canonical bundle of F2 here) [1]. (1) n1 = 0: from
the table of the world-sheet instanton numbers dn1n2 in Appendix D, the value is nonzero only
at n2 = 1




1−et2 . Therefore we just expect that d0;1 = constant and d0;n2 = 0 for n2  2.
(2) n1  1: the B-model expression can be interpreted as en1t1(s0)−(4n1+1) and this must beP
n2
dn1n2e
n1t1+2s0n2 (up to constant factor). Given that the sum could be replaced with the
integration if the contribution from terms with large n2 is dominant, and recalling the formula
21We do not consider the contribution d0,0 because this could not be determined neither from the Yukawa
coupling Fs0s0s0 nor from the double log solution.
22
instanton numbers for xed n1
d0n2 = c1n2;1; (n2 6= 0); dn1n2  γn1nn12 ; (n1  1; n2  n1); (41)
where c1 is a constant, and γn1; n1 are constants depending on n1. Substituting this into the
A-model expression (38), and replacing the summation of n2 by the integration, Fs0s0s0 becomes
Fs0s0s0  8c12a + γn1Γ(n + 4)  (44)n1(2a)n+44n1 : (42)
This must be order O(−1), hence n1 + 4 − 4n1 = 1 resulting in n1 = 4n1 − 3. After
that we could obtain the series expansion in (
a








Furthermore, comparing the series with (9) of Nf = 0, we can obtain the relation between γn
and Fn. In summary, the distribution of the world-sheet instanton number is
d0n2 = c1n2;1 (n2 6= 0);





2Γ(4n1 − 2) ;
(43)
where Fn is the instanton number of the Nf = 0 gauge theory (6).
Next we see how the result of Model 0 is extended to Model 1. To get a hint, let us
consult again the table of dn1n2n3 in Appendix D. (1) n1 = 0: the nonzero value exists only at
(n2; n3) = (1; 0); (0; 1) and (1; 1). Those must produce the terms 1a and 1am1 in (9). (2)
n1  1: it seems that there is a rule that dn1n2n3 = 0 unless 0  n2 − n3  n1, and it comes
with the alternating factor (−1)n2−n3 for n1  1. Further, the distribution of the coecients
looks like the binomial distribution centered around n2 − n3 = n12 . Therefore, we adopt the
ansatz on the world-sheet instanton numbers
d0n2n3 = c10n2;1n3;0 + c01n2;0n3;1 + c11n2;1n3;1; ((n2; n3) 6= (0; 0));
dn1n2n3  γn1 (−1)n2−n3 (n2 + n3)n1 Cn2−n3; (n1  1; n2 + n3  n1);
(44)
where ci;j’s are constants, and , n1 γn1 are numbers depending on n1. We set the maximum
of n2 − n3 to  rather than n1. This is because we would like to see what part of the Yukawa
coupling this value appears at. Substituting this into (38), and changing the variables from
(n2; n3) to N0 = n2 + n3 and N1 = n2 − n3, Fs0s0s0 becomes as follows
Fs0s0s0  1
h















(−1)N1 CN1 e−m1N1 ;
 1
h













is (1−e−m1). Comparing this with the terms of 3n1 in the B-model expression (9), we obtain
c10 = c01 = − c112 ; n1 = 4n1− 3;  = n1 and γnc11 is the same as the case of Nf = 0 except that c1






)(4−Nf )n1 . As to the terms of lower degree in m1
a
, the contribution to the world-sheet
instanton numbers is negligible. This is because the contribution of such terms to the world
sheet instanton number would have the same form as (44), but with  = (degree of m1
a
) < n1
and n1 = 3n1 − 3 +  < 4n1 − 3, it is negligible when n2 + n3 is suciently large.
The extension to Model 2 and 3 is now straightforward. We summarize the result altogether.
Let us denote by Ni the coecient of si  −mi (i = 1;    ; Nf) in
PNf+2
i=1 niti. The number
N0 is the coecient of s0  −a (see Table 12). Then, the distribution of the world-sheet
instanton numbers we propose is as follows: for n1  1,
dn1n2nNf+2
(
 γn1 (−1)N1++NNf N4n1−30
QNf
i=1 n1CNi ; (0  8Ni  n1);
= 0; otherwise;
(46)
where this is eective for N0  n1, and for n1 = 0
d0~n′ = c
h






; (~n0 = (n2;    ; nNf ) 6= ~0);
I =
8>>><>>>:
Model 0 empty set
Model 1 f(1; 0); (0; 1)g
Model 2 f(1; 0; 0); (1; 1; 0); (0; 1; 1); (0; 0; 1)g








2Γ(4n1 − 2) : (48)
Here, ~q;~q′ :=
QNf +2
i=2 qi;q′i and Fn is the instanton number of the gauge theory with Nf = 0,
dened in (6). Note that the set I consists of the values of ~n0 = (n2;    ; nNf+2) such thatPNf +2
i=2 niti = −(a mi).
6 Conclusion
In this article, we presented the rst calculation for the instanton expansions in the N =
2 SU(2) gauge theories with 1  Nf  3 massive hypermultiplets through the geometric
engineering. We checked the equivalence of the Yukawa coupling at the gauge theory limit and
@3aFgauge, and conjectured the pattern of the distribution of the world-sheet instanton numbers.
It might be the universal phenomenon for the mirror pair of Calabi-Yau manifolds that the
24
space where the discriminant of the B-model manifold becomes zero. We also analyzed the
asymptotic form of the instanton number of the gauge theory with massless hypermultiplets,
making use of the singularity of the moduli space at u = 2, and observed the characteristic
factor. It would be interesting to clarify how the factor originates from the analysis on the
instanton background in the gauge theory [21, 22, 23].
It would be possible to generalize the present analysis to the geometric engineering of other
N = 2 gauge theories. One direction is to add more hypermultiplets. However, geometric
engineering does not provide the local mirror model for Nf  5, corresponding to the fact that
Nf  5 gauge theories are non-renormalizable theories. The Nf = 4 gauge theory is an asymp-
totically nite theory, and the geometric engineering of this case remains an open problem.
One diculty is the identication of the curve in the local B-model with the Seiberg-Witten
curve because the latter has modular functions in its dening equation. Another direction is
to consider the N = 2 gauge theories with higher rank gauge groups. We close with a remark
that the setup in this article should be tailored to the ve-dimensional SU(2) gauge theories
[24]. Further, it might give us a clue to deal with the Nf = 4 gauge theory. We hope to return
to these problems elsewhere.
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Appendix A: GKZ-hypergeometric System
In this appendix we give the denition of the GKZ-hypergeometric dierential system (GKZ-
system for short). For details, see [19, 25, 26, 27].
Let A be an n  (n + k) matrix of integers, which has the following properties: (a) the
columns A1;    ; An+k of A generate the lattice Zn, (b) there exist integers (c1;    ; cn+k) such
that
Pn
i=1 ci (i-th row of A) =
n+kz }| {
(1;    ; 1). Let  2 Cn. Then the GKZ hypergeometric system















−li l 2 Lo; (50)
L =

l 2 Zn+kA  l = nz }| {(0;    ; 0)}: (51)
IA is called the toric ideal. By the property (b), the system is regular holonomic.
The nite set of generators of the toric ideal can be obtained as follows (Algorithm 4.5
of [19]). We write the column vectors Ai (1  i  n + k) of A as A+i − A−i , where j-th
component of A+i (resp. A
−
i ) is the j-th component of Ai if it is positive (resp. negative),
otherwise zero. And consider the ideal I0 in Q hx1;    ; xn+k; t0; t1;    ; tni whose generators










j ) (1  i  n + k). Then the
generators of I0\Q [x1;    ; xn+k] are the generators of IA with the identication of xi and @ai .
Consider the case where the rst row of A is (1;    ; 1) and write A in the following form
A =
 
1    1
1    n+k
!
; i 2 Zn−1; (1  i  n + k):
Then there is the following formal solution to the GKZ-system in the integral formZ
P (X)1 dX1X
2+1
1 ^    ^ dXn−1Xn+1n−1 ;






j . The proof is found in [25].










might be the formal solution to such GKZ-system with
1 = 0.
Appendix B: Differential Operators for the Periods
Here, P (u; mi); Q(u; mi); R(u; mi) in (27) are shown for Nf = 0; 1; 2. The case of Nf = 3 is
omitted because the expression is too long. We use the variable m instead of m1 for Nf = 1,






) for Nf = 2. We checked that the Wronskian e
− R duQ=P of
@ua and @uaD is truly equal to Fuuu in Appendix C for all cases of Nf (up to factor of constant).
26
Nf P; Q; R
0





P = (4m2 − 3u)(−256m2u2 + 256u3 + 3m(256m2 − 288u) + 276)
Q = −2048m4u + 3840m2u2 − 1536u3 − 3843m3 + 816
R = −8(32m4 − 72m2u + 24u2 + 93m)
2
P = [−4(2m4 + 2n4 − 3n2v + v2 −m2(4n2 + 3v)) + 2(m2 + 2n2 − v)]
[16v2(m4 + (n2 − v)2 − 2m2(n2 + v))
−82(2m6 − 2n6 + 4n4v − n2v2 − v3 −m4(6n2 + 5v)
+m2(6n4 + n2v + 4v2))
+4(m4 − 8n4 + 8n2v + v2 − 2m2(10n2 + v)) + 6n2]
Q = −64v(4m8 −m6(16n2 + 15v) + (n2 − v)2(4n4 − 7n2v + 2v2)
+m4(24n4 + 15n2v + 20v2) + m2(−16n6 + 15n4v + 8n2v2 − 11v3))
−162(8m8 − 4n8 − 4n6v + 27n4v2 − 24n2v3 + 5v4 − 2m6(10n2 + 13v)
+3m4(4n4 + 16n2v + 11v2) + 2m2(2n6 − 9n4v + 6n2v2 − 10v3))
+44(7m6 − 4n6 + 9m4(7n2 − 2v)− 12n4v + 21n2v2 − 4v3
+3m2(32n4 − 20n2v + 5v2))
+6(−m4 − 28m2n2 − 4n4 + 2m2v + 12n2v − v2) + 8n2
R = −16(2m8 −m6(8n2 + 9v) + (n2 − v)2(2n4 − 5n2v + v2)
+m4(12n4 + 9n2v + 13v2)−m2(8n6 − 9n4v + 2n2v2 + 7v3))
+42(m6 + 8n6 − 22n4v + 16n2v2 − 2v3 − 2m4(15n2 + 2v)
+m2(21n4 + 2n2v + 5v2))
+4(−m4 − 13m2n2 − 10n4 + 2m2v + 13n2v − v2) + 6n2
Table 14: (P; Q; R) in (27). Dierential operator P@3u + Q@
2
u + R@u annihilates the periods
(a; aD): The Wronskian of (@ua; @uaD), e
− R duQ=P is in fact equal to the Yukawa coupling in
Appendix C.
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In this appendix, the explicit expressions of the Yukawa coupling Fuuu appeared in (39) of
section 5.2 are collected to the lowest order at the gauge theory limit  ! 0.
Nf
0 Fuuu = 
28(u2 − 4)





42 [(−8m4 + 16m2n2 − 8n4 + 12m2v + 12n2v − 4v2) + 2(m2 + 2n2 − v)]
3 Fwww = 
243[−32m4p2 + 64m2n2p2 − 32n4p2 + 24m4w − 48m2n2w + 24n4w
+48m2p2w + 48n2p2w − 32m2w2 − 32n2w2 − 16p2w2 + 8w3
+(6m5 − 12m3n2 + 6mn4 − 9m4p + 10m2n2p− n4p− 4m3p2
+28mn2p2 + 4m2p3 + 8n2p3 − 4m3w − 28mn2w + 10m2pw
−2n2pw + 4mp2w − 4p3w − 2mw2 − pw2)
+2(m4 − 2m2n2 + n4 − 2m3p + 2mn2p
+m2p2 + 3n2p2 −m2w − 3n2w + 2mpw − p2w)]
Table 15: Yukawa coupling Fuuu (or Fvvv; Fwww for Nf = 2; 3) in the leading order at the gauge
theory limit  ! 0. The parameters are chosen as m = m1; (v; m; n) = (u− 28 ; m1+m22 ; m1−m22 )











; m3− 8 ) for Nf = 1; 2 and 3. The
factors 42;43 in the denominator of the form for Nf = 2; 3 are given below.
42 = −48v2(m4 + (n2 − v)2 − 2m2(n2 + v)) + 4m2p3 + 8n2p3 − 4m3w
− 28mn2w + 10m2pw − 2n2pw + 4mp2w − 4p3w − 2mw2 − pw2
+ 242(2m6 − 2n6 + 4n4v − n2v2 − v3 −m4(6n2 + 5v) + m2(6n4 + n2v + 4v2))
− 34(m4 − 8n4 + 8n2v + v2 − 2m2(10n2 + v)) + 36n2;
43 = −5
8
[256m4p2w2 − 512m2n2p2w2 + 256n4p2w2 − 256m4w3 + 512m2n2w3
− 256n4w3 − 512m2p2w3 − 512n2p2w3 + 512m2w4 + 512n2w4
+ 256p2w4 − 256w5
+ (−256m6p3 + 768m4n2p3 − 768m2n4p3 + 256n6p3 + 288m6pw
− 864m4n2pw + 864m2n4pw − 288n6pw + 128m5p2w − 256m3n2p2w
+ 128mn4p2w + 640m4p3w − 128m2n2p3w − 512n4p3w − 192m5w2
+ 384m3n2w2 − 192mn4w2 − 672m4pw2 + 64m2n2pw2 + 608n4pw2
28
+ 640mn2w3 + 480m2pw3 − 224n2pw3 + 128mp2w3 + 128p3w3
− 192mw4 − 96pw4)
+ 2(−27m8 + 108m6n2 − 162m4n4 + 108m2n6 − 27n8 + 72m7p− 216m5n2p
+ 216m3n4p− 72mn6p− 56m6p2 + 160m4n2p2 − 152m2n4p2 + 48n6p2
− 32m5p3 + 352m3n2p3 − 320mn4p3 + 16m4p4 − 320m2n2p4 − 128n4p4
+ 60m6w − 84m4n2w − 12m2n4w + 36n6w − 120m5pw − 400m3n2pw
+ 520mn4pw + 136m4p2w + 192m2n2p2w + 56n4p2w + 64m3p3w
+ 32mn2p3w − 32m2p4w + 128n2p4w − 66m4w2 + 324m2n2w2 − 2n4w2
+ 24m3pw2 − 152mn2pw2 − 104m2p2w2 − 160n2p2w2 − 32mp3w2 + 16p4w2
+ 60m2w3 + 36n2w3 + 24mpw3 + 24p2w3 − 27w4)
+ 3(−4m7 + 44m5n2 − 76m3n4 + 36mn6 + 12m6p− 140m4n2p + 116m2n4p
+ 12n6p− 12m5p2 + 168m3n2p2 − 28mn4p2 + 4m4p3 − 40m2n2p3 − 60n4p3
− 48mn2p4 + 16n2p5 + 8m5w − 16m3n2w + 8mn4w − 24m4pw − 16m2n2pw
+ 40n4pw + 24m3p2w + 8mn2p2w − 8m2p3w + 24n2p3w − 4m3w2 + 36mn2w2
+ 12m2pw2 − 36n2pw2 − 12mp2w2 + 4p3w2)
+ 4(4m4n2 − 8m2n4 + 4n6 − 16m3n2p + 16mn4p + 24m2n2p2 − 8n4p2
− 16mn2p3 + 4n2p4)]:
Appendix D: World-sheet Instanton Numbers
Here, we give the tables of the world-sheet instanton numbers 22 of low degree for Model 0
and 1 making use of the calculation of the local mirror symmetry [9].
Model 0 : dn1n2 . 2666666664
d00 −2 0 0 0 0 0
d10 −2 −4 −6 −8 −10 −12
d20 0 0 −6 −32 −110 −288
d30 0 0 0 −8 −110 −756
d40 0 0 0 0 −10 −288
d50 0 0 0 0 0 −12
3777777775




d000 2 0 0 0 0
2 −4 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0




d100 0 0 0 0 0
2 −4 0 0 0 0
0 6 −8 0 0 0
0 0 10 −12 0 0
0 0 0 14 −16 0




d200 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 10 −12 0 0
0 0 −12 70 −64 0




d300 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 14 −16 0




d400 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0




d500 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
3777777775
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